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Schoolof ComputingScience
SimonFraserUniversity

Burnaby, British Columbia
V5A 1S6,Canada

+1 (604)291-5589
hak@cs.s fu. ca

http://www .i sg. sf u.c a/ ˜h ak

January17,1999

(INCOMPLETE DRAFT)

Abstract This work exploits the convenienceof object-orientation—assupportedby, e.g., C++ (viz., multiple
inheritance,templateclassesandfunctions,andoperatoroverloading)—fordesigninga minimal setof generic
classesimplementinglinear-equationsolversfor a large varietyof specificsemi-ringstructures.This illustrates
usinga simplerelativistic paradigmto obtain,with a minimal set-up,a large collectionof algorithmswhich can
all be obtainedasderivedclassesandinstanceobjectsof a singlevery abstractscheme.Theresultingsystemis
a truly genericsolver which cansingle-handedlyandefficiently solve left or right linear equationalsystemsfor
optimizationproblemsin numberstructures,but alsoin graphsandnetworks.
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HASSAN A Ï T-KACI GENERIC EQUATION SOLVER

Contents

1 Purposeof this work 1

2 OneEquation and OneUnknown 1

2.1 Inversesandquasi-inverses. . . . . . . . . . . . . 1

2.2 Examples . . . . . . . . . . . . . . . . . . . . . . 2

2.2.1 ���������
	����
����� . . . . . . . . . . . . . . . . 2

2.2.2 ����������	
��������� . . . . . . . . . . . . . . . . 2

2.2.3 ���������
�����
��������� . . . . . . . . . . . . . . 2

2.2.4 �! "	����$#%��&'�
	���('����� . . . . . . . . . . . . . 2

2.2.5 �����*),+.-
��/102�3),465
�
07� . . . . . . . . . . 2

3 Many Equationsand Many Unknowns 2

3.1 Reductionto oneequationandoneunknown . . . . 2

3.1.1 Dynamicprogramming. . . . . . . . . . . 2

3.1.2 Matrix algebra . . . . . . . . . . . . . . . 4

3.2 Examples . . . . . . . . . . . . . . . . . . . . . . 5

3.2.1 ���������
	����
����� . . . . . . . . . . . . . . . . 5

3.2.2 ����������	
��������� . . . . . . . . . . . . . . . . 5

3.2.3 ���������
�����
��������� . . . . . . . . . . . . . . 5

3.2.4 �! "	����$#%��&'�
	���('����� . . . . . . . . . . . . . 5

3.2.5 �����*),+.-
��/102�3),465
�
07� . . . . . . . . . . 5

4 ThreeSolvingSchemes 5

4.1 Structureswith inversesandexactprecision . . . . 5

4.1.1 ���������
	����
����� . . . . . . . . . . . . . . . . 5

4.1.2 �����*),+.-
��/102�3),465
�
07� . . . . . . . . . . 5

4.2 Structureswithoutinverses,but with stationarypoints 5

4.2.1 ���������
�����
��������� . . . . . . . . . . . . . . 5

4.2.2 �! "	����$#%��&'�
	���('����� . . . . . . . . . . . . . 5

4.3 Structureswith inverses,but noexactprecision . . 5

4.3.1 ����������	
��������� . . . . . . . . . . . . . . . . 5

A Right Linear Equations 5

B A Definition Hierarchy of Algebraic Structures 6

B.1 Primalstructure . . . . . . . . . . . . . . . . . . . 6

B.2 Semi-group . . . . . . . . . . . . . . . . . . . . . 6

B.3 Monoid . . . . . . . . . . . . . . . . . . . . . . . 6

B.4 Group . . . . . . . . . . . . . . . . . . . . . . . . 6

B.5 Abelianstructure . . . . . . . . . . . . . . . . . . 6

B.6 Semi-lattice . . . . . . . . . . . . . . . . . . . . . 7

B.7 Semi-ring . . . . . . . . . . . . . . . . . . . . . . 7

B.8 Pathalgebra. . . . . . . . . . . . . . . . . . . . . 7

B.9 Ring . . . . . . . . . . . . . . . . . . . . . . . . . 7

B.10 Lattice . . . . . . . . . . . . . . . . . . . . . . . . 7

B.11 Booleanring . . . . . . . . . . . . . . . . . . . . . 8

B.12 Booleanlattice . . . . . . . . . . . . . . . . . . . 8

B.13 Matrix liftings . . . . . . . . . . . . . . . . . . . . 8

C A ClassHierarchy of Algebraic Structures 9

C.1 Primalstructureclass . . . . . . . . . . . . . . . . 9

C.2 Semi-groupclass . . . . . . . . . . . . . . . . . . 9

C.3 Monoidclass . . . . . . . . . . . . . . . . . . . . 9

C.4 Groupclass . . . . . . . . . . . . . . . . . . . . . 9

C.5 Abelianstructureclass . . . . . . . . . . . . . . . 9

C.6 Semi-latticeclass . . . . . . . . . . . . . . . . . . 9

C.7 Semi-ringclass . . . . . . . . . . . . . . . . . . . 9

C.8 Pathalgebraclass . . . . . . . . . . . . . . . . . . 9

C.9 Ring class . . . . . . . . . . . . . . . . . . . . . . 9

C.10 Latticeclass . . . . . . . . . . . . . . . . . . . . . 9

C.11 Booleanring class. . . . . . . . . . . . . . . . . . 9

C.12 Booleanlatticeclass . . . . . . . . . . . . . . . . 9

D A Relativistic View of Object Orientation 9

E Implementation 10

F Discussion 11

F.1 Purposeof structure . . . . . . . . . . . . . . 11

F.2 Purposeof Rational::solve(Equation) . 11

F.3 Testingthedesign. . . . . . . . . . . . . . . . . . 11

January17,1999 IncompleteDraft
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1 Purposeof this work

This work meansto illustrate how the we can exploit the con-
venienceof object-orientation—assupportedby, e.g., C++ (viz.,
multiple inheritance,templateclassesandfunctions,andoperator
overloading)—fordesigninga minimal setof genericclassesim-
plementinglinear-equationsolvers for a large variety of specific
semi-ringstructures. This will also illustrate a relativistic inter-
pretationof object orientation1 yields, with a minimal set-up,a
largecollectionof algorithmswhichcanall beobtainedasderived
classesandinstanceobjectsof a singleveryabstractscheme.

Becausealgebraicstructureswereinventedin mathematicsfor the
precisesamepurposeanduseasthoseof object-orientationin pro-
gramming,it comesasno surprisethat the two paradigmsmatch
quiteharmoniously. Thedesignspecifiedin thispaperis aproofof
this in the domainof linear equationsolving in a varietyof alge-
braicstructures.

This documentis a specificationof anApplicationProgramInter-
face(API) in the form of a few genericclassesfor linear-equation
solvingin anabstractsemi-ringstructure.This specificationis de-
tailed below, along with all the mathematicalbackgroundthat is
neededto understandit.

If implementedcorrectly, this API can solve a variety of linear
equation-solvingproblemsrangingfrom familar numericalequa-
tions,to regularexpressionequations,to graphpathproblems,in-
cludingnetworkflow optimizationproblems[2], AbtractInterpre-
tationof programs[3, 1], andProgramflow analysis[5].

2 OneEquation and OneUnknown

2.1 Inversesand quasi-inverses

Theleft linearfixed-pointequation:8:92;<8 �>= (1)

is easilysolvedin a ring structureby:28,92;%8 �7=8 / ;<8:9 =? �@/ ;<A38,9 =8,9 ? �@/ ;<ACBED = (2)

Theright linearversionof Equation(1) is:8:928F; �>= (3)

1SeeSectionD.
2Pleasereferto SectionB.9.

which is, too,solvedby:8,9G8F; �H=8 / 8I;J9 =8 ? �K/ ;<AL9 =8,9 = ? �@/ ;<A B�D (4)

If thering is a commutativering—i.e., � is commutative aswell—
then both Equations(1), and (3) “collapse” into one, and so do
solutions(2), and(4) “collapse”into:8:9 =�@/ ;NM (5)

asthe solutionof Equation(1). This is the mostfamilar casefor
mostreadersof thecommutative ring structure�����
����	��
�<����� that
mostof us know for having learnedit early in school. Note that
for thisto bearing, thecompleterationalsmustbeconsidered;i.e.,� mustalsocontainsa multiplicative inversefor 	 which is noted	 BED def9 0 .

Let usdefine8IO , thequasi-inverseof 8 , astheinfinite sum:8 O def9QPR
SUT 8 R M (6)

This sumis well known asthesimplestof all Taylor seriesexpan-
sion: ��@/ 8 9 �L� 8 � 8IV � 8�W �X����� 9ZYPR%[UT 8 R 9X8 O M (7)

It is thenpossibleto rewrite thesolutionin (5) aseither:8:9\; O = M (8)

or: 8:9 = ; O M (9)

Bothcanalsobeverifiedto beindeedbonafide solutionsof Equa-
tions(1) and(3), respectively, by directsubstitution:; ? ;<O = A �7= 9 ? ;<;%O�A =��7=9 ? ;<O /7� A =��]=9\;<O = M
and ? = ;<O�A�; �7= 9 = ? ;<;<O�A �7=9 = ? ;<O /X� A �]=9 = ;%O M
Theforms 8^9_;<O = and 8^9 = ;<O of thesolutionsof Equations(1)
and(3), aremoregeneralthanthe forms (2) and(4) in the sense
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thatthey involve only theadditiveoperation� andthemultiplica-
tive operation ` , whereasthe forms(2) and(4) involve alsoboth
an additive andmultiplicative inverseoperations.This is a more
generalpropertybecause,afterall, Equations(1) and(3) useonly� and ` , noinverses.Therefore,theforms(8) and(9) maybeused
to computea solutionto Equations(1) and(3) for differentinter-
pretationsof � and ` , whenthesetswherein; , = , and 8 taketheir
valuesdo not possesssufficient algebraicstructurefor � and ` to
provideall elementswith inverses.Theonly requirementis thatthe
quasi-inverse’s infinite “Taylor” expansion(6) converge to a limit ;
i.e., it mustdenotea finitely expressibleelement,or a finitely ap-
proximableelement.

Indeed,for well-known structureswith differentinterpretationsof� and ` , suchasmultiplicativesemi-lattice3 (alsoknown aspath
algebras[2]),4 theseoperationsarealsoidempotentandtherefore
quasi-inversesexist. Then,usingthesolution’s form (8) or (9) al-
lows to solve systemsof linearequationsin a wider varietyof al-
gebraicstructures,includinggraphs, regular sets, distributivelat-
tices, as well as the familiar ring structureswherethe form (5)
happensto be more easily expressible,as well as all the multi-
dimensionalvariationsof all thesestructuresusingmatrixalgebra.

In all (!) thesestructures,a simplegenericeliminationalgorithm
suchas, e.g., the standardGaussianelimination procedure,may
beusedto solve systemsof linearfixed-pointequations.Equation
solvingmaybemademoreefficient in specificstructuresusingthe
particularalgebraicpropertieslocal to the specificstructures.For
example,the Ring classhasboth additive andmultiplicative in-
versemethods;if it hasaswell exactprecision,thenanalgorithm
basedonEquation(5), ratherthanonquasi-inverses,canbeused.

2.2 Examples

2.2.1 �a���3�J��	
�3�
�����
This is themostfamiliar setting:theusualrationalnumbersarith-
metic.5

This is how thestructure�a��������	
���<����� is interpreted:b it is anAbelianring on theset � of rationalnumbers;

3Pleasereferto SectionB.6.
4Pleasereferto SectionB.8.
5Strictly speaking,the C++ types float and double are rational numbers

becausethey useonly a finite representation.The fact that real numberscanbe
approximatedby finite rationalnumberrepresentationsis thereasonwhy suchtypes
arealsousedfor computingwith real numbers.The only importantdifferenceto
keepin mind for the latter is that finite-representationtypesdo roundingand/or
truncatingbeyondthe precisionimposedby the finite representation.Sucherrors
propagateandtherefore,comparisonsamongfloat sanddouble smustbedone
up to that precision.That is, ratherthan ced�d7f , it is betterto use chg:f:ikj ,
where j is a small number(e.g., jhdXl�mon , where p is anynon-negative number
of precisionbits allowedby the representation).The lesserthe precision p is, the
slackertheapproximationwill be,but thefasterwill theconvergence.

b theadditiveoperation� is theadditionof rationals;b theadditiveunit (or zero) is 	rq^� ;b theadditiveinverseof a rational s is its negative /ts ;b themultiplicativeoperationis themultiplicationof rationals;b themultiplicativeunit (or one) is �uq�� ;b themultiplicativeinverseof a rational s is its reciprocal Dv .
2.2.2 �6�^�
����	<�
�������
2.2.3 �a�^� � �
�����
���������
Theset�^�E� is thesetof all regular setsof finitestringsof symbols
of analphabetw (e.g., asdenotedby regular expressionson w ).

2.2.4 �* x	
���x#<�
&'��	
��(@�����
2.2.5 �6�^��):+�-
��/102�3),465
�
07�
3 Many Equationsand Many Unknowns

A systemof yQz{� left linear equationswith |}z~� unknowns
in fix-point form is shown in Figure1. Luckily, this casecanbe
reducedto theprevioussingleequationandsingleunknown case.

3.1 Reduction to oneequationand oneunknown

Thereare two (equivalent)ways in which this reductioncan be
done. The first one is basedon DynamicProgramming, andthe
secondoneis basedonMatrix Algebra.

3.1.1 Dynamic programming

Thesystemof Figure1 is expressedmoreconciselyas:� T 9��K8
�E9 R B�DP� [UT ;o� � 8 � �>= ����� BED� [UT (10)

Expression(10)canberewrittenas:� T 9  8 T 92� T 8 T �]� T #N� � D (11)

where:� T 92; T�T � (12)

� T 9 = T � R BEDP� [ D ;o� � 8 � (13)
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����� ���*����� � ������� �������$� � ������� � �*�a� m
�*� �<� m
� � �*�
...

...
...

...
...

...�<��� �x� � � � � ������� �x� � � � � ������� � � �a� m��*� � � m�� � ���
...

...
...

...
...

...�<� m�� � � �a� m
�*� � ����� ������� � �a� m��*� � �$��� ������� � �a� m
�*� �a� m
�*� �<� m
� � ��� m
�
Figure1: Systemof y left linearfix-point equationswith | unknowns.

and � D 9 � 8
�E9 R BEDP� [UT ;o� � 8 � �7= � � � B�D� [ D M (14)

Since� T is independentof 8 T , theequation:8 T 9\� T 8 T �]� T (15)

in Expression(11) is solvedby:8 T 9\� OT � T M (16)

Expression(16) gives 8 T only asa parametricsolutionin termsof
the |�/X� remainingparametricvariables8 D � M�M�M � 8 R BED .
Substitutingthe valueof 8 T given by Expression(16) in Expres-
sion(14),weget:� D 9_�@8
�E9 R BEDP� [ D ; D� � 8 � �7= D� � � B�D� [ D (17)

where,for all ¡ 9 ��� M�M�M �
y¢/X� andall £ 9 �o� M�M�M �
|�/H� :; D� � 92;o� � � ;o� T ; OT�T ; T � � (18)

andfor all ¡ 9 �o� M�M�M �
y¢/X� := D� 9 = � � ;o� T ; OT�T = T M (19)

Having proceededthus, the new system obtained as Expres-
sion (17) is a systemof y{/¤� equationsand |¥/¤� variables? 8 D � M�M�M � 8 R B�D A . In otherwords,thesystem(17) containsoneless
variable( 8 T has beeneliminated)and one lessequation( 8 T 9¦ R BED� [UT ;o� � 8 � hasbeeneliminated).

Repeatingthis elimination process,it is straightforwardto gen-
eralizethe foregoing schemeby induction as follows. We start
with the basecase

?¨§ 9 	 A : for all ¡ 9 	
� M�M�M ��y©/�� and all£ 9 	
� M�M�M ��|�/H� ,; T� � 92;o� � (20)

and,for all ¡ 9 	�� M�M�M �
yª/H� ,= T� 9 = � M (21)

For all
§
,
§ 9 	
� M�M�M ��y«/7� , wehave,�U¬ 9«�L8��E9 R BEDP� [ ¬ ; ¬� � 8 � �]= ¬� ��� BED� [ ¬ M (22)

Expression(22)canberewrittenas:� ¬ 9  8 ¬ 92� ¬ 8 ¬ �¥� ¬ #N� � ¬�­ D (23)

where,for
§ 9 	
� M�M�M ��y«/7� :� ¬ 9\; ¬¬�¬ � (24)

� ¬ 9 = ¬¬ � R BEDP� [ ¬�­ D ; ¬� � 8 � M (25)

suchthat,for all ¡ 9 § � M�M�M �
y¢/X� andall £ 9 § �2��� M�M�M ��|:/7� :; ¬� � 9ª®¯ ° ;o� � if ± �k² �; ¬ BED� � � ; ¬ BED�a³ ¬ BED�´ ��O¬ BED ; ¬ B�D³ ¬ BED�´ � if ²uµ ± µ·¶¹¸ (26)

andfor all ¡ 9 �o� M�M�M ��y¢/H� :
= ¬� 9«®¯ ° = � if ± �>² �= ¬ BED� � ; ¬ BED�a³ ¬ BED�´ �ºO¬ BED = ¬ BED¬ BED if ²tµ ± µ»¶ . (27)

Again,since� ¬ is independentof 8 T � M�M�M � 8 ¬ , theequation:8 ¬ 9\� ¬ 8 ¬ �k� ¬ (28)

in Expression(23) is solvedby:8 ¬ 9\� O¬ � ¬ M (29)

Thus,Expression(29) gives 8 ¬ asa parametricsolutionin terms
of the |:/ § /H� remainingparametricvariables8 ¬�­ D � M�M�M � 8 R BED .
Clearly, afterat most y steps, this iteratedparametricsolvingpro-
cesshalts. Indeed,substituting y for

§
in Expression(22), we

obtain:� � 9 � 8 � 9 ¦ R BED� [ � ; �� � 8 � �]= �� �K� BED� [ � 9 � M (30)
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Therefore,thepreviousstep’sequationalsystem
� � BED is indepen-

dentof variables8 T � M�M�M � 8 � B�D :� � BED 9  8 � BED 92� � B�D 8 � BED �>� � B�D # M (31)

where,� � BED 92; � BED³ � B�D!´ ³ � B�D�´ � (32)

� � BED 9 = � B�D� B�D � R B�DP� [ � ; � BED� � 8 � M (33)

Since � � B�D is independentof variables8 T � M�M�M � 8 � BED , the equa-
tion: 8 � B�D 9\� � BED 8 � BED �k� � BED (34)

in Expression(31) is solvedby:8 � B�D 9\� O� BED � � BED M (35)

Therearethreesituationsto consider:

1. y½¼X| : morevariablesthanequations;

2. y 9 | : asmany variablesasequations;

3. y½zX| : moreequationsthanvariables.

This is whathappensin eachcase:

1. yZ¼{| —Underdefinedsystem: in this case,Equation(35)
gives an expressionof 8 � BED in terms of the |¾/ªy re-
maining variables 8 � � M�M�M � 8 R BED . Therefore,since 8 � , for£ 9 	
� M�M�M ��y¿/À� , dependson the |¢/¤£7/~� vari-
ables8 � ­ D � M�M�M � 8 R B�D , all y variables8 T � M�M�M � 8 � B�D areex-
pressedin termsof the |h/�y remainingparametricvariables8 � � M�M�M � 8 R B�D .

2. y 9 | —Well-definedsystem:in this case,Equation(33) be-
comes� � B�D 9 = � BED� BED , andhenceEquation(35) givesanex-
pressionof 8 � B�D independentlyof any variable. Therefore,
since 8 � , for £ 9 	
� M�M�M ��y¤/XÁ , dependson the y½/¥£J/\�
variables8 � ­ D � M�M�M � 8 � BED , all y variables8 T � M�M�M � 8 � BED are
expressedindependentlyof any parametricvariable. In this
casethesystemis fully solved,andsolutionsareobtainedby
thepropagationof valuesfrom 8 � B�D back to 8 T .

3. yÂzÃ| —Overdefinedsystem:in this case,whenwe have a
solutionfor 8 T � M�M�M � 8 � B�D by backpropagationof eliminated
variables,thereare still additionalequationsoutstandingin
the system.The only way the outstandingy½/X| equations
maybesatisfiedis if they areredundantwith the y first equa-
tions;thatis, if thesolution 8 T � M�M�M � 8 � BED verifiesthe y«/k|
remainingequations.

If the structure � happensto be a ring �ÅÄ^�����
���
���
Æo� , then the
expressionssolving the systemin Figures1 become,for all

§ 9	�� M�M�M �
y¥/,� , for all ¡ 9 § � M�M�M ��yk/,� andall £ 9 § �^�o� M�M�M �
|Ç/,� :
; ¬� � 9 ®ÈÈÈ¯ ÈÈÈ°

; � � if ± �]² �; ¬ BED� � � ; ¬ BED�a³ ¬ BED�´ �¹É�Æ'� ? / � ¬ BED A*Ê BED � ; ¬ BED³ ¬ BED�´ �
if ²uµ ± µ»¶ ;

(36)

and,for all ¡ 9 ��� M�M�M ��y¢/X� :
= ¬� 9 ®ÈÈÈ¯ ÈÈÈ°

= � if ± �k² �= ¬ BED� � ; ¬ BED�a³ ¬ BED�´ � É Æ'� ? / � ¬ B�D A Ê B�D �o= ¬ B�D¬ B�D
if ²uµ ± µ»¶ .

(37)

Theequation(28) is solvedby:8 ¬ 9 É�Æ'� ? / � ¬ A*Ê B�D �@� ¬ (38)

andtheequation(34) is solvedby:8 � BED 9 É Æ'� ? / � � BED A Ê B�D �@� � BED M (39)

Weleaveexpressionsof theright versionof thering solutionsasan
exerciseto thereader.

3.1.2 Matrix algebra

In the casewhere y 9 | , the systemsof Figures1 and2 canbe
respectively rewritten,usingmatrixnotation,as:6Ë 9GÌ Ë �>Í (40)

where
Ë qÎÄ R D , Ì qÎÄ RoR and Í¢q�Ä R D , andË 9 Ë Ì �>Í (41)

where
Ë qÎÄ D R , Ì qÎÄ RoR and Í¢q�Ä D R .

Therefore,by TheoremB.1,7 it comesthat thesolutionsof Equa-
tions(40)and(41)are,respectively:Ë 9GÌ O Í (42)

and Ë 9 Í Ì O M (43)

6SeeSectionB.13.
7SeePage8.
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3.2 Examples

3.2.1 �a���3�J��	
�3�
�����
This structureis a commutativering. Therefore,the two systems
in Figures1 and 2 are identical, and the left and right solutions
collapseinto onesolution.Namely, for all

§ 9 	
� M�M�M ��y«/\� , for
all ¡ 9 § � M�M�M ��y¢/¾� andall £ 9 § �2�o� M�M�M �
|�/H� :

; ¬� � 92;oÏ ¬� � 9 ®ÈÈ¯ ÈÈ°
;o� � if ± �k² �; ¬ B�D� � � ; ¬ BED�a³ ¬ BED�´ ; ¬ BED³ ¬ BED�´ ��@/ � ¬ BED if ²uµ ± µ·¶�¸ (44)

andfor all ¡ 9 �o� M�M�M �
y¢/X� :
= ¬� 9 = Ï ¬� 9 ®ÈÈ¯ ÈÈ°

= � if ± �>² �
= ¬ B�D� � ; ¬ BED�a³ ¬ BED�´ = ¬ BED¬ BED�@/ � ¬ BED if ²tµ ± µ»¶ .

(45)

Finally, Equation(28) is solvedin �a�����J��	
�3�
����� by:

8 ¬ 9 � ¬�@/ � ¬ (46)

andEquation(34) is solvedby:

8 � B�D 9 � � BED�@/ � � BED (47)

where,for
§ 9 	
� M�M�M ��y¢/H� :

� ¬ 9X��Ï¬ 9\; ¬¬�¬ � (48)

� ¬ 9 � Ï¬ 9 = ¬¬ � R B�DP� [ ¬�­ D ; ¬� � 8 � M (49)

3.2.2 �6�^�
����	<�
�������
3.2.3 �a�^� � �
�����
���������
3.2.4 �* x	
���x#<�
&'��	
��(@�����
3.2.5 �6�^��):+�-
��/102�3),465
�
07�
4 Thr eeSolvingSchemes

4.1 Structur eswith inversesand exactprecision

4.1.1 �a�������
	����
�.���
4.1.2 �6�^��):+�-
��/102�3),465
�
07�
4.2 Structur eswithout inverses,but with station-

ary points

4.2.1 �a�^�E�K�
�����
���������
4.2.2 �* x	
���x#<�
&'��	
��(@�����
4.3 Structur eswith inverses,but no exactprecision

4.3.1 �6�^�
����	<�
�������
Appendix

A Right Linear Equations

A systemof y right linearequationswith | unknownsin fix-point
form is shown in Figure2.

Theright versionof all thatwasdonefor theleft systemin Figure1
is of coursevalid for theright systemin Figure2. Namely, thebase
case

?*§ 9 	 A : for all ¡ 9 	
� M�M�M ��y¢/¾� andall £ 9 	
� M�M�M ��|:/7� ,;�Ï T� � 92;o� � (50)

and,for all ¡ 9 	
� M�M�M ��y¢/X� ,= Ï T� 9 = � M (51)

For all
§
,
§ 9 	
� M�M�M ��y«/7� , wehave,� Ï¬ 9 � 8��E9 R BEDP� [ ¬ 8 � ; ¬� � �]= ¬� � � BED� [ ¬ M (52)

Expression(52)canberewrittenas:� Ï¬ 9  8 ¬ 928 ¬ �EÏ¬ �¥� Ï¬ #N� � Ï¬�­ D (53)
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����� �o�����*� � ������� �$�C����� � ������� �<� m
� � �*��� m
�*� � �*�
...

...
...

...
...

...�<��� � � �x� � � ������� � � �x� � � ������� � � m
� � � �a� m
�*� � ���
...

...
...

...
...

...�<� m�� � �o��� �a� m��*� � � ������� �$�C� �a� m��*� � � ������� �<� m
� � ��� m
�*� ��� m
�*� � ��� m
�
Figure2: Systemof y right linearfix-point equationswith | unknowns.

where,for
§ 9 	
� M�M�M ��y¢/H� :��Ï¬ 9X;oÏ ¬¬�¬ � (54)

� Ï¬ 9 = Ï ¬¬ � R B�DP� [ ¬�­ D 8 � ;oÏ ¬� � M (55)

suchthat,for all ¡ 9 § � M�M�M ��y«/7� andall £ 9 § �\�o� M�M�M �
|�/H� :;oÏ ¬� � 9«®¯ ° ; Ï � � if ± �>² �; Ï ¬ B�D� � � ; Ï ¬ B�D��³ ¬ B�D!´ ; Ï ¬ BED³ ¬ BED�´ � � Ï O¬ BED if ²uµ ± µ»¶¹¸ (56)

andfor all ¡ 9 �o� M�M�M �
y¢/X� :
= Ï ¬� 9 ®¯ °Ð= � if ± �k² �= Ï ¬ BED� � ; Ï ¬ B�D�a³ ¬ B�D�´ = Ï ¬ B�D¬ B�D � Ï O¬ B�D if ²uµ ± µ·¶ . (57)

Hence,theequation:8 ¬ 9\8 ¬ � Ï ¬ �¥� Ï¬ (58)

in Expression(53) is solvedby:8 ¬ 9 � Ï¬ � Ï O¬ M (59)

After yª/H� steps,weobtain:� Ï� BED 9  8 � BED 928 � BED � Ï� BED �>� Ï� B�D # M (60)

where,� Ï� BED 92; Ï � BED³ � BED�´ ³ � B�D!´ � (61)

� Ï� BED 9 = Ï � BED� BED � R BEDP� [ � 8 � ;�Ï � B�D� � M (62)

Theequation:8 � B�D 9\8 � BED �EÏ� BED �k� Ï� BED (63)

in Expression(60) is solvedby:8 � B�D 9 � Ï� B�D �EÏ O� B�D M (64)

B A Definition Hierar chy of Algebraic
Structur es

B.1 Primal structur e

This is just thecaseof a domain Ä of elements—i.e., a set—with
aninternalbinaryoperationÑ�Ò Ä½`�Ä«Ó~Ä M (65)

B.2 Semi-group

This is thecaseof a primalstructurewith domainÄ whoseopera-
tion Ñ (65) is associative. Thatis, for all 8 �
Ô��
Õrq�Ä :8 Ñ ? Ô Ñ Õ AL9 ? 8 Ñ Ô A Ñ Õ M (66)

B.3 Monoid

This is the caseof a semi-groupwith a specialelement ÆGq¤Ä
calleda unit suchthat,for all 8 q»Ä :8 Ñ Æ 9 Æ Ñ 8:928 M (67)

B.4 Group

This is thecaseof amonoidsuchthatany element8 hasaninverse.
Thatis, for any 8 q»Ä , thereexistsaunique 8 BED q�Ä suchthat:8 Ñ 8 B�D 9X8 BED Ñ 8:9 Æ M (68)

B.5 Abelian structur e

This is thecaseof any of theforegoingstructureswhoseoperationÑ (65) is commutative. Thatis, for all 8 �
Ô�q�Ä :8 Ñ Ô 9 Ô Ñ 8 M (69)
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Thuswe speakof Abelianoperation,Abeliansemi-group,Abelian
monoid, Abelian group.8 Very often we say more suggestively
“commutative” ratherthan“Abelian.” Thus,commutativeopera-
tion, commutativesemi-group,commutativemonoid,commutative
group.

B.6 Semi-lattice

A semi-lattice �ÅÄ^�����
�o� is a specialcaseof a commutative semi-
groupsuchthat � is idempotent; i.e., for all 8 q�Ä :8 � 8,928 � (70)

andsuchthat,for all 8 �
Ô��
Õ�q�Ä :

if Ô�Ö ­ 8 and ÕeÖ ­ 8 then Ôu�7Õ�Ö ­ 8 M (71)

wheretherelation Ö ­ is definedby:× 8 ��Ô�qÎÄ^� 8 Ö ­ Ô if f 8 �7Ô 9 Ô M (72)

Note thatsemi-latticeis alsoa partially ordered setthanksto the
relation Ö ­ . Indeed,Ö ­ is a relationon Ä which is reflexive (by
idempotenceof � ), anti-symmetric(by commutativity of � ) and
transitive(by associativity of � ).

Note thatwhena semi-latticeis alsoa monoid,Equation(72) en-
tails that � is necessarilythe leastelementof Ä for Ö ­ .

B.7 Semi-ring

A semi-ringis a dual (additive andmultiplicative) structureon a
singleset ��Ä^�
�����
���
��Æ�� suchthat:

1. ��Ä^�
������� is a commutative monoid;

2. ��Ä^�
���
Æo� is a monoid;

3. themultiplicativeoperation� is distributiveover theadditive
operation� ; thatis, for all 8 ��Ô
��ÕØq�Ä :8 � ? Ô1�7Õ Aº9 ? 8 �'Ô A � ? 8 �'Õ A (73)

and ? 8 �7Ô A �'Õ 9 ? 8 �'Õ A � ? Ôh�'Õ A M (74)

To distinguishbetweenthe two operations’s unit elementsin a
semi-ring,the additive unit � is referredto as the zero element,
andthemultiplicativeunit Æ astheunit element.

A semi-ringis acommutativeor Abeliansemi-ringif its multiplica-
tive operation� is commutative(i.e., if ��Ä^�
���
Æo� is a commutative
monoid).

8This is aftertheFrenchmathematicianAbel whoworkedongrouptheory(also
known asGaloisTheory, after the FrenchmathematicianE. Galoiswho hadtime
to inventGroupTheorybeforehediedstupidly in a duelat a very earlyage(early
twenties)—thenight beforehe died,he hurriedlywroteup notesthatcompleteda
draft of his thesiswork that laid thefoundationsof whatbecameknown asGroup
Theory...).

B.8 Path algebra

A pathalgebra �ÅÄ^���J���
���
��Æ�� is a semi-ringsuchthat:

1. � is idempotent; i.e., Equation(70) holdsfor all 8 q�Ä .

2. � is idempotent; i.e., Equation(75) holdsfor all 8 q�Ä .8 � 8:928 ¸ (75)

3. � is absorptivefor � ; i.e., for all 8 qÎÄ :8 �'� 9 �'� 8:9 � ¸ (76)

In factapathalgebracanalsobedescribedasamultiplicativesemi-
lattice.

B.9 Ring

A ring is a specialcaseof a semi-ring. In fact, a ring structureis
to a groupwhat a semi-ringstructureis to a monoid. Indeed,a
ring is a dual(additiveandmultiplicative)structureona singleset��Ä^�
�����
���
��Æ�� suchthat:

1. �ÅÄ^���J����� is a commutativegroup;

2. �ÅÄ^���
��Æ�� is agroup;

3. the multiplicative operation � is distributive over the addi-
tive operation� ; that is, Equations(73) and(74) hold for all8 ��Ô
��ÕrqÎÄ .

A ring is a commutativeor Abelianring if its multiplicativeopera-
tion � is commutative(i.e., if ��Ä^�
���
Æo� is acommutative group).

B.10 Lattice

A lattice �ÅÄ^�����
���
���
Æo� is a dualstructuresuchthat:

1. �ÅÄ^���J����� is a semi-lattice(alsocalledadditivesemi-lattice);

2. �ÅÄ^���
��Æ�� is a semi-lattice(also called multiplicative semi-
lattice).

Notethatin a lattice,it is necessarilytruethat:b � is absorptivefor � ; i.e.,, for all 8 �
ÔeqÎÄ :8 � ? 8 �'Ô A@928:9 ? 8 �'Ô A � 8 ¸ (77)

and,
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b � is absorptivefor � ; i.e., for all 8 ��Ô�q�Ä :8 � ? 8 �7Ô AK9\8:9 ? 8 �7Ô A � 8 M (78)

Notethata latticeis neitheracaseof, nor is it moregeneralthan,a
semi-ring.In fact,a structurethatis botha latticeanda semi-ring
is necessarilya distributive lattice, which is also a commutative
semi-ringaswell asa pathalgebra.

Note also that a lattice is alsoa partially orderedsetboth as an
additivesemi-latticeandasamutiplicativesemi-lattice.By duality,
it comesasa consequencethat thetwo partialordersaremutually
dual.Thatis,Ö ­ 9 Ö BEDO � (79)

and Ö O 9 Ö B�D­ M (80)

Note that if a latticeis alsoanadditive monoid, then � is the least
elementfor Ö ­ aswell asthegreatestelementfor Ö O . Moreover,
it is thenalsonecessarilytruethat � is absorptivefor � ; i.e., Equa-
tion (76) holdsfor all 8 q�Ä .

Dually, if a latticeis alsoamultiplicativemonoidthen Æ is theleast
elementfor Ö O aswell asthegreatestelementfor Ö ­ . Moreover,
it is thenalsonecessarilytruethat Æ is absorptivefor � ; i.e., for all8 q�Ä :8 �]Æ 9 Æ'� 8:9 Æ M (81)

A distributivelattice is a latticewhich is alsoa pathalgebra.That
is, the multiplicative operation � is distributive over the additive
operation� ; that is, Equations(73) and(74) hold for all 8 ��Ô
��Õ¹qÄ ;9

Note that a distributive lattice is also necessarilya commutative
semi-ringaswell asa pathalgebra. In fact, a distributive lattice
is simultaneouslytwo mutuallydualcommutative semi-rings;it is
simultaneouslytwomutuallydualpathalgebrasaswell:b the multiplicative operation � is distributive over the addi-

tive operation� ; that is, Equations(73) and(74) hold for all8 �
Ô��
Õrq�Ä ; and,b theadditiveoperation� is alsodistributiveoverthemultiplica-
tive operation� ; that is Equations(82) and(83) hold for all8 �
Ô��
Õrq�Ä .

9Thisis equivalent,by duality, to theadditiveoperationÙ beingalsodistributive
overthemultiplicative operationÚ ; thatis:cNÙ¹Û6fºÚÝÜ�ÞFdßÛ6cNÙ�f�Þ<Ú�Û6cLÙ�ÜCÞ (82)

and Û6cLÚUf�Þ<Ù�ÜNdßÛ6cNÙ�Ü�Þ%Ú Û�f�Ù�Ü�Þ*à (83)

B.11 Booleanring

A booleanring is aring in whichany elementadmitsauniquecom-
plementwith respectto theadditive andmultiplicativeoperations.
Thatis, for any 8 q»Ä , thereexistsaunique á8 q�Ä suchthat:8 �}á8:9 á8 � 8:9 Æ�� (84)

and 8 �rá8:9 á8 � 8:9 � M (85)

B.12 Booleanlattice

A booleanlattice is a latticewhich is alsoa booleanring; i.e., it is
a distributivecomplementedlattice.

B.13 Matrix liftings

Givena semi-ringstructure� 9 �ÅÄ^�����
���
���
Æo� andtwo positive
naturalnumbersy and | , wecanconstructits yG`1| matrixlifting :â � R ? � Ak9 �ÅÄ � R ��� � R ��� � R �
� � R ��Æ � R � M (86)

asshown in Equations(87)–(91).b Domainof y©`�| matricesover � :Ä � R def9  äã�qÎÄ �Øå Ræ ã 9  "ã � � q»Ä¹# � BED�ç� [UT ç R B�D� [UT # (87)

b Additionof y7`'| matricesover � : if ; q�Ä � R and ='q�Ä � R
then

× ¡��!£��L	ØÖX¡�Ö7y«/X����	hÖ]£JÖkè�/H� ,? ; � � R = A!� � def9�;�� � �>= � � ¸ (88)b Zero yé`�| matrix over � :
× ¡��!£��1	¹Ö_¡@Ö_y¤/X�o�
	�Ö2£�Ö|:/7� ,� � R� � def9 �rq»Ä ¸ (89)b Multiplication of y{`»| and |k`,è matricesover � : if ; qÄ � R ��=tqÎÄ R�ê , then

× ¡��!£��L	ØÖX¡�ÖXy«/7����	rÖk£JÖkè�/X� ,? ; � � ê = A!� � def9 R BEDP¬ [UT ;�� ¬ `^= ¬ � ¸ (90)

b One yë`»| matrix over � :
× ¡3�*£��h	¹Ö�¡tÖìyí/\�o�
	¹Ö2£�Ö|:/7� ,Æ � R� � 9 � ÆrqÎÄ if ¡ 9 £ ,�rqÎÄ otherwise.

(91)
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We cansimplify the � R notationin Equations(88)–(91)by drop-
ping the dimensionsuperscripts,with the dimensionconstraints
implicit. Hence,Equations(88)–(91)becomeEquations(92)–(95):? ; �7= A � � def9�; � � �>= � � ¸ (92)

� � � def9 �eqÎÄ ¸ (93)

? ; �'= A!� � def9 R B�DP¬ [UT ;o� ¬ `�= ¬ � ¸ (94)

Æ � � 9 � Æ�q�Ä if ¡ 9 £ ,��q�Ä otherwise.
(95)

An elementã 9  "ã � � q�Ä¹# � BED�ç� [UT ç R B�D� [UT of Ä � R is written:îïïïïïïïð ñ
�*� ò*ò3ò

ñ
��� ò�ò3ò

ñ �*�a� m
�*�...
...

...
...

ñ
� � ò*ò3ò

ñ
� � ò�ò3ò

ñ � �a� m��*�...
...

...
...

ñ �a� m
�*� �
ò*ò3ò

ñ �a� m
�*� �
ò�ò3ò

ñ �a� m
�*� �a� m
�*�
ó ôôôôôôôõ (96)

Given a matrix ã � R qªÄ � R , the orderedpair y,| is called the
dimensionof the matrix: y is calledthe row dimensionand | is
calledthe columndimension. Note that the multiplicative matrix
operationis not aninternalfunction,but canonly beappliedif the
first matrix’ columndimensionis equalto thesecondmatrix’ row
dimension.However,

THEOREM B.1 Given a semi-ring � , its matrix lifting
â R%ö ? � A

for | fixed,is alsoa semi-ring.

C A ClassHierar chy of Algebraic Struc-
tur es

C.1 Primal structur eclass

This is themostabstractclassfrom whichall othersarederived.It
consistsof a templateclass,Primal_Structure , with param-
eterizedtype Domain . It hasjust onemethod: op , which takes
a referenceto anotherPrimal_Structure<Domain> object
andimplementsthe binary operationof the structure. It alsohas
a one-argumentconstructorwhich takesa pointerto anoperation
with which to initialize the methodop . It alsoallows the friend
functionop .

C.2 Semi-group class

C.3 Monoid class

C.4 Group class

C.5 Abelian structur eclass

C.6 Semi-latticeclass

C.7 Semi-ring class

C.8 Path algebraclass

C.9 Ring class

C.10 Lattice class

C.11 Booleanring class

C.12 Booleanlattice class

D A Relativistic View of Object Orienta-
tion

Theessenceof object-orientationcoincideswith thatof Einstein’s
SpecialandGeneralRelativity theories[4].

Einstein’s SpecialRelativity Theory(SRT) is all basedon theob-
servationthatthereis amathematicaldualitybetweenbeingat rest
on onehand,andbeingin motionon theotherhand:all motionis
relative to a setof reference.Hence,it is mathematicallyirrelevant
whetherI sit in a train moving alongwith it at somespeedwith
respectto thescenery, or whetherI sit in a motionlesstrain while
thescenerymovesby in theoppositedirectionat thesamespeed.

Similarly, Einstein’sGeneralRelativity Theory(GRT) is all based
ontheobservationthatthereis amathematicaldualitybetweenfree
falling frictionlessin a straightline on onehand,andthe texture
of spacebeingwarpedby massive bodieson the otherhand: the
curvatureof all trajectoryof motionis relative to space’s own cur-
vature.Hence,it is mathematicallyirrelevantwhethertheEarthis
orbiting the Sunelliptically is a closedcurve, or whetherit free-
falls frictionlessindefinitelyin astraightline,while spacein which
it movesis itself curvedby thesameoppositefactor into the(hy-
per)elliptical (hyper)“eddy” createdby theSun’s gravity.10 Thus
is GRT thekey to explainingthemysteryof “action at a distance”
of gravity.

Similarly aswell, object-orientation(OO) is basedon theobserva-

10“Hyper” becausespaceis at least3-dimensional÷�÷*÷
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tion that thereis a mathematicalduality betweenan objectbeing
acteduponby a functionon onehand,anda functionbeingacted
uponby anobjecton theotherhand:theorientationof øÝù¨úIû is rel-
ative to thestructureof interpretationof theobjector thefunction.
Hence,it is mathematicallyirrelevantwhetherthefunction ø is ap-
plied to theobject ú , or whethertheobject ú is sentthemessageø .
In thefirst case(theconventionalview), thefunction ø knowswhat
to do with an objectof the type of ú andperformsit on ú ; in the
secondcase(theobject-orientedview), theobject ú knowswhatto
do whenit is askedto respondto themessagesentto it as ø , and
performsit. Thusis OO the key to a new decentralizing view of
computationwhich allowsdistributedcomputationandcodemod-
ularity: whereastheconventionalview’scentralizing computation
in functionsmadethemhuge,inefficient,andquickly impracticalto
maintain,the(mathematicallyequivalent)OO view now delegates
computationto objectsby makingthemreactto messagessentto
themby usingmethodsspecifiedfor themby theirclassdefinitions.

Thus,object-orientationmay simply be construedasexploiting a
mathematicalrelativity principle.Thisrelativisticview canbeused
asa systematicobject-orientedsoftwaredesignmethodology.

To beprecise,thechangeof perspective,whenorientingcomputa-
tion with referenceto anobjectratherthana function,is expressed
mathematicallyby thesetisomorphism:ü\ý ù¨þ ý~ÿ û��2þ ý ù ü2ý~ÿ û�� (97)

This equationessentiallycapturesthe dual relativity of computa-
tion alludedto above.

Thisarticleis anexampleof thegeneralcasethatcanbeexpressed
asfollows:

method� Context
ý ù Object

ý
Objectû

�

method� Object
ý ù Context

ý
Objectû�� (98)

Therefore, we can define two class structures,Object and
Context , which always respectively declarea method (here
calledmethod ) asshown in Figures3 and4.11 Someexamples
aregivenin Figure5.

E Implementation

A simple solver over an algebraicdual structure(the parameter
classStructure ) shouldprovide:

� a classto substitutefor Structure , the type of elements
in thestructure’s domain.This is the typeof thecoefficients
a, andb, andthatof the unknown x aswell. This algebraic
structureclasswill have:

11UsingC++ syntaẋ..

– a privatememberrep whosetypeis anadequaterepre-
sentationof thestructure’sdomainelements.

– a public friend methodoperator+ that takestwo
argumentsof typeconst &Structure andreturnsa
resultof type&Structure ;12

– a public friend methodoperator- that takesone
argumentof typeconst &Structure andreturnsa
resultof type&Structure ;

– a public friend methodoperator- that takestwo
argumentsof typeconst &Structure andreturnsa
resultof type&Structure ;

– a publicconst Structure zero;

– a public friend methodoperator* that takestwo
argumentsof typeconst &Structure andreturnsa
resultof type&Structure ;

– a public friend methodoperator/ that takestwo
argumentsof typeconst &Structure andreturnsa
resultof type&Structure ;

– a publicconst Structure one;

– a public friend methodoperator== thattakestwo
argumentsof typeconst &Structure andreturnsa
resultof typebool ;

� a classEquation representinga linear fix-point equation
on theStructure s; this classmusthave a privatemember
structure of type*Structure ;

We mustalsoprovide the methodssolve for both Structure
and Equation<Structure> classesfollowing the design
schemeof SectionD.

For example,solvingover rationalnumbersshouldprovide:

� a classRational representinga rationalnumber;this can
be representedby pairs of integers,or decimaldoubles,or
whatever otherequivalentrepresentationof a rationalnumber
onemaydecide;13

– a privatememberrep of, say, typedouble ;

– a public friend methodoperator+ that takestwo
argumentsof type const &Rational andreturnsa
resultof type&Rational ;

12The & return type may appearodd; however, keepin mind that the generic
designeventuallywill actuallyallow theoverloadingof operatorsonverybig struc-
turessuchas,e.g., matrices(i.e., multidimensionalarrays),andthereforesaving the
returncopyspace/timeis worthsaving. Be thatasit may, we arefreeto chooseto
returna Rational insteadof &Rational if wesowish. The& returntypever-
sionhasthe advantageof genericuniformity for inheritanceif doing thecomplete
genericAPI.

13Recallthata rationalnumber�	��
 is a pairof integerswritten �
��� � , where� ��� is thenumeratorand ����� is thedenominator, or equivalentlyasanumber
in decimal“dot” notationwritten ������÷ � , where ����� is the integer part and
����� is thedecimalpart.
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class Object
{

virtual Object *method (Context *context);
}

Figure3: Objectclassskeleton

class Context
{

Object *method (Object *object) { return object.method(this); }
}

Figure4: Context classskeleton

– a public friend methodoperator- that takesone
argumentof type const &Rational and returnsa
resultof type&Rational ;

– a public friend methodoperator- that takestwo
argumentsof type const &Rational andreturnsa
resultof type&Rational ;

– a publicconst Rational zero(0.0);

– a public friend methodoperator* that takestwo
argumentsof type const &Rational andreturnsa
resultof type&Rational ;

– a public friend methodoperator/ that takestwo
argumentsof type const &Rational andreturnsa
resultof type&Rational ;

– a publicconst Rational one(1.0);

– a public friend methodoperator== thattakestwo
argumentsof type const &Rational andreturnsa
resultof typebool ;

� a classEquation representinga linear fix-point equation
on the Rational s; this classmusthave a private member
structure of type*Rational ;

We mustalso provide the methodssolve for both Rational
andEquation<Rational> classes.

F Discussion

F.1 Purposeof structure

The classEquation representinga linear fix-point equationon
the Rational s actuallydoesnot needto have thestructure
memberof type *Rational . In fact, this membercomesin
handy only when carrying out the implementationfor arbitrary
semi-rings.

If one does not wish carry out the implementation for
arbitrary semi-rings, this member should be inherited by
the instance Equation<Rational> from a generic class
Equation<Semi Ring> . In the latter, thestructure mem-
beris of typeSemi Ring , thetypeparameter.

Thehierarchyof algebraicstructuresof semi-rings,or specialcases
of semi-rings,caneasilybeencodedasa classhierarchyderiving
from a baseclassDual Structure :14

Figures6, 6, and6 shows the inheritancerelationfor the dualal-
gebraicstructuresthat weredefinedin SectionsB.7–B.12. Each
of theseclassesis parameterizedby the typevariableDomain , of
its (private)representation.The classRational is thereforea
subclassof Abelian Ring<double> .15

The figuresat the end of this papershow a skeletonfor a C++
implementationof a solverusingdynamicprogramming.16

F.2 Purposeof Rational::solve(Equation)

We would not need to worry about invoking
Rational::solve(Equation) unless the system also
meansto allow the schedulingof the simultaneousresolutionof
several systemsfrom the context of a given semi-ringstructure.
Only thenis thismethodneeded.

F.3 Testingthe design

Since� is notquitearing (because� hasnomultiplicativeinverse),
wemusttestwhethera[0][0] is equalto structure.one . If
so, the equationú��Ãú! #" is solvableonly if the structureis an
additivesemi-lattice—thatis,hasanidempotentplus(i.e., suchthat

14We do not have to includeall theseclasses,of course,unlesswe actuallywant
to implementacompleteAPI library...

15Assumingthatweuseadouble to representa rationalnumberin 
 .
16Pleasenotethe“informal” C++ syntax...This is justa programskeleton,not a

completesolution.
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Context Object method

NameValue Environment Expression evaluate
NameType Environment Expression typecheck
Run Time Environment Instruction execute
Algebraic Structure Equation solve
Logical Theory Theorem prove
Constraint Structure Constraint resolve
WinMain() /window function

Figure5: Someinstancesusingthecontext/objectrelativity principle

Primal_S tru ct ur e
|

Partially_ Ordered _Set |
| |
| +-------- -+ --- -- -- --+
| | |
| | |
| Abelian_St ru ctu re Semi_Gro up
| | / |
| | ---------- -- - |
| | / |
| Abelian_Se mi _Group Monoid
| / | / |
| --------- -- - | ----- |
| / | / |

Semi_Latt ice Abelian_Mo noid Group
| / | /
| --------- -- - | -------
| / | /

Semi_Latt ice _wBot to m Abelian_G ro up

Figure6: A Hierarchyof PrimalAlgebraicStructures

ú� >ú$�2ú ). In this case,any ú suchthat "&%�' ú is a solution.The
alternativesare:

� abortsolving;

� if underdefined,givea parameterizedsolution;

� if overdefined:

– solvefor thesquaresubsystem,andcheckwhetheror not
thepartialsolutionsatisfiestheoutstandingequations;

– solve for the least-squares.17

17The least-squareapproximantof a systemin canonicalform (*),+!-*�/. that
is overdefinedis thewell-definedsystem(�01(2),+3(�04-5�6. . Thissystemis always
squareandcanthereforebesolved.Its solution )87:9 is suchthat its “distance”from
any solution ) of the overdefinedsystem (*)3+;-<�=. —i.e., the inner product> ),?@) 7:9BA 0 > )&?3) 7:9BA —is minimal; thatis, CD)DEGFIH*J$)&?3) 7:9 ÷

Finally, let us note that the skeletongiven above can solve only
for well-definedsystems,and abortsotherwise. One shoulduse
exceptionsfor a moregracefulcontrol.
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+_Primal_S tr uct ur e *_Primal _St ru ct ure
| |

<_Partial ly _Ordered _Set | >_Partial ly _Ordere d_Set |
| | | |
| +-------- -+ -- --- -- --+ | +-------- -- --- -- -- --+
| | | | | |
| | | | | |
| +_Abelian_ St ruc tu re +_Semi_Gro up | *_Abelian_ St ruc tu re *_Semi_Gr oup
| | / | | | / |
| | --------- --- - | | | ---------- -- - |
| | / | | | / |
| +_Abelian_ Semi_ Group +_Monoid | *_Abelian_ Semi_ Group *_Monoid
| / | / | | / | / |
| -------- --- - | ----- | | --------- -- - | ----- |
| / | / | | / | / |

<_ Semi_Latti ce +_Abelian_ Monoi d +_Group >_Semi_La tt ice *_Abelian_ Monoi d *_Group
| / | / | / | /
| -------- --- - | ------- | --------- -- - | -------
| / | / | / | /

<_ Semi_Latt ic e_wBott om +_Abelia n_Gro up >_Semi_Lat ti ce _wTop *_Abelian_ Group

Figure7: A Hierarchyof AdditiveandMultiplicativePrimalAlgebraicStructures

Dual_Str uc tur e<Domai n>
|
|

+-------- -+- -- --- -- -+
| |
| |

Distributi ve _Dual _Stru ct ur e Associati ve_ Dual_ St ru ctu re
| |
| |
+-------- -+- -- --- -- -+

|
|

Semi_Rin g
|

+--------- -- --- -- -- -+- -- --- -- -- --- -- --- -+
| | |
| | |

Ring Abelian_Se mi _Ri ng Path_Alg ebr a
| | | | |
| | | | |
| +-------- +- --- -- -+ +------+- --- -- --- -+
| | |
| | |

Boolean_R ing Abelian_Ri ng Distribut iv e_Lat tic e
| |
| |
+-------- --- +- --- -- -- --- -- --- -- +

|
|

Boolean_L att ic e

Figure8: A Hierarchyof DualAlgebraicStructures
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// FILE. . . . . /usr/home/hak/technical/papers/lineq/lineq. h
// EDIT BY . . . Hassan Ait-Kaci
// ON MACHINE. . Muenster
// STARTEDON. . Fri Dec 11 09:43:33 1998

// Last modified on Fri Dec 11 11:20:57 1998 by Hak

#ifndef LINEQ_H
#define LINEQ_H

template <class Structure>
class System;

template <class Structure>
class Equation
{

Structure *a;
Structure *b,
Structure *x;

bool left;

public:

Structure *a () { return a; }
Structure *b () { return b; }
Structure *x () { return x; }

bool isLeft () { return left; }

Equation (Structure &a, Structure &b, bool left=true)
: a (a)
, b (b)
, left (left)
{

solve();
}

Equation (System<Structure> s, bool left=true)
{

this = s.solve(left);
}

Equation *solve ()
{

x = isLeft() ? a().quasi_inverse() * b()
: b() * a().quasi_inverse();

return this;
}

};

Figure9: HeaderFile - partI
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const int DefaultNumberOfEquations = 2;
const int DefaultNumberOfUnknowns = 2;

template <class Structure>
class System
{

int m = DefaultNumberOfEquations;
int n = DefaultNumberOfUnknowns;

Structure* a[m][n];
Structure* b[m];
Structure* x[n];

bool left = true;

public:

int numberOfEquations () { return m; }
int numberOfUnknowns () { return n; }

Structure* a[][] () { return a; }
Structure* b[] () { return b; }
Structure* x () { return x; }

bool isLeft () { return left; }

System (Structure* a[], Structure* b[], bool left)
: m (sizeof(b))
, n (sizeof(a)/m)
, a (a)
, b (b)
, left (left)
{

if (m == 0 | m != n) exit(1);
}

Equation<Structure> *solve ();

};

#endif

Figure10: HeaderFile - partII
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#include "lineq.h"

template <class Structure>
Equation<Structure> *System<Structure>::solve ()
{

Structure* newa[][], newb[];
Equation<Structure> *eq;
int i,j;

if (m == 1) return new Equation<Structure>(a[0][0],b[0],left);

newa = new Structure[m-1][n-1];
newb = new Structure[m-1];

Structure qi = a[0][0].quasi_inverse();

if (isLeft())
for (i=1;i<=m-1;i++)

{
for (j=1;j<=n-1;j++) newa[i-1][j-1] = a[i][j] + a[i][0] * qi * a[0][j];
newb[i-1] = b[i] + a[i][0] * qi * b[0];

}
else

for (i=1;i<=m-1;i++)
{

for (j=1;j<=n-1;j++) newa[i-1][j-1] = a[i][j] + a[i][0] * a[0][j] * qi;
newb[i-1] = b[i] + a[i][0] * b[0] * qi;

}

eq = new Equation<Structure>(new System<Structure>(newa,newb,left),left);

return new Equation<Structure>(a[0][0],
b[0] + (left ? a[0][1] * eq->x

: eq->x * a[0][1]),
left);

}

Figure11: ImplementationFile
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