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Abstract This work exploits the corvenienceof object-orientation—asupportedoy, e.g., C++ (viz., multiple
inheritance templateclassesand functions,and operatoroverloading)—fordesigninga minimal setof generic
classesmplementinglinearequationsolversfor alarge variety of specificsemi-ringstructures.This illustrates
usinga simplerelatiistic paradignto obtain,with a minimal set-up,a large collectionof algorithmswhich can
all be obtainedasderived classesandinstanceobjectsof a singlevery abstracscheme.The resultingsystemis
atruly genericsolver which cansingle-handedlyandefficiently solwve left or right linear equationakystemdor
optimizationproblemsin numberstructuresbut alsoin graphsandnetworks.
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1 Purposeof this work

This work meansto illustrate how the we can exploit the con-
venienceof object-orientation—asupportedoy, eg., C++ (viz,

multiple inheritancetemplateclassesandfunctions,and operator
overloading)—fordesigninga minimal setof genericclassesm-

plementinglinearequationsolversfor a large variety of specific
semi-ringstructures. This will alsoillustrate a relatiistic inter-

pretationof object orientatiort yields, with a minimal set-up,a
large collectionof algorithmswhich canall be obtainedasderived
classeandinstanceobjectsof a singlevery abstracscheme.

Becausalgebraicstructuresvereinventedin mathematicor the
precisesamepurposeanduseasthoseof object-orientatiorin pro-
gramming,it comesasno surprisethat the two paradigmamatch
quiteharmoniously The designspecifiedn this paperis a proof of
this in the domainof linear equationsolvingin a variety of alge-
braicstructures.

This documents a specificatiorof an Application Programinter-

face(ari) in the form of a few genericclassedor linearequation
solvingin anabstracsemi-ringstructure.This specificationis de-
tailed belaw, alongwith all the mathematicabackgroundhat is

neededo understandt.

If implementedcorrectly this ApI can solve a variety of linear
equation-solvingoroblemsrangingfrom familar numericalequa-
tions, to regularexpressionequationsto graphpathproblems,n-

cluding networkflow optimizationproblemg?2], AbtractInterpre-
tationof programg3, 1], andProgramflow analysig5].

2 OneEquation and One Unknown

2.1 Inversesand quasi-inverses

Theleft linear fixed-pointequation:

r=azr+b (2)
is easilysolvedin aring structureby:2
r=axr+b
r—axr==~b
(I—a)x=1"b
z=(1—a)"' (2)
Theright linearversionof Equation(1) is:
r==za+b 3)
1seeSectionD.

2pleaseeferto SectionB.9.

whichis, too, solvedby:

r==za-+b
z—xza=2>b
z(l—a)=1"b
z="b(1l—a)"? (4)

If thering is acommutativeing—i.e., * is commutatve aswell—
then both Equations(1), and (3) “collapse” into one, and so do
solutions(2), and(4) “collapse”into:

_ b
1—a’

()

asthe solutionof Equation(1). This is the mostfamilar casefor
mostreaderf the commutatve ring structure{Q, +, 0, *, 1) that
mostof us know for having learnedit earlyin school. Note that
for thisto bearing, thecompleteationalsmustbeconsideredi.e.,

@ mustalsocontainsa multiplicative inversefor 0 whichis noted
0! £ x

Letusdefinex*, the quasi-irverseof x, astheinfinite sum:

def
= g z".

n>0

(6)

This sumis well known asthe simplestof all Taylor seriesexpan-
sion:

1 2 3 = n *
m:l—}—x—}—m +z —|—~~~:T;)az =z". (7)
It is thenpossibleto rewrite the solutionin (5) aseither:
r=a"b. (8)
or:
x =ba". 9)

Both canalsobe verifiedto beindeedbonafide solutionsof Equa-
tions(1) and(3), respectrely, by directsubstitution:

a(a*b) 4+ b= (aa*)b+b
=(a*=1)b+b
= a*b.

and

(ba*)a+b="b(aa*)+b
=ba*—1)+b

= ba*.

Theformsz = a*b andz = ba* of the solutionsof Equationg1)
and(3), aremore generalthanthe forms (2) and (4) in the sense
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thatthey involve only the additive operation+ andthe multiplica-
tive operationx, whereaghe forms (2) and(4) involve alsoboth
an additive and multiplicative inverseoperations.This is a more
generalpropertybecauseafterall, Equationg1) and(3) useonly
+ andx, noinversesThereforetheforms(8) and(9) maybeused
to computea solutionto Equationg1) and(3) for differentinter-
pretationf + andx, whenthe setswhereina, b, andz taketheir
valuesdo not possessuficient algebraicstructurefor + and x to
provide all elementwith inverses Theonly requiremenis thatthe
guasi-irversesinfinite “Taylor” expansion(6) corvergeto a limit ;
i.e, it mustdenotea finitely expressibleelement.or a finitely ap-
proximableelement.

Indeed for well-known structureswith differentinterpretation®f
+ and x, suchas multiplicative semi-latticé (alsoknown as path
algebraq2]),* theseoperationsarealsoidempotentaindtherefore
quasi-irversesxist. Then,usingthe solution’sform (8) or (9) al-
lows to solve systemof linear equationdn a wider variety of al-
gebraicstructuresincluding graphs regular sets distributive lat-
tices aswell as the familiar ring structureswherethe form (5)
happengo be more easily expressible,as well asall the multi-
dimensionalzariationsof all thesestructuresisingmatrix algebra.

In all (!) thesestructuresa simplegenericeliminationalgorithm
suchas, eg., the standardGaussiarelimination procedure may
be usedto solve systemsof linearfixed-pointequations Equation
solvingmaybemademoreefficientin specificstructuresisingthe
particularalgebraicpropertiedocal to the specificstructures.For
example,the Ring classhasboth additive and multiplicative in-
versemethodsijf it hasaswell exact precision thenanalgorithm
basedn Equation(5), ratherthanon quasi-irversescanbe used.

2.2 Examples

221 (Q,+,0,%,1)

Thisis the mostfamiliar setting: the usualrationalnumbersarith-
metic®

Thisis how thestructure{@Q, +, 0, *, 1) is interpreted:

o theadditiveoperation+ is theadditionof rationals;

o theadditive unit (or zeo) is0 € Q;

o theadditiveinverseof arationalr is its negative—r;

o themultiplicativeoperationis the multiplicationof rationals;

o themultiplicativeunit (orong is 1 € Q;

o themultiplicativeinverseof arationalr is its reciprocal %
222 (R,+,0,%,1)
223 (ReEx,+,0,-¢)

ThesetRi ¢y is thesetof all regular setsof finite stringsof symbols
of analphabet: (eg., asdenotedoy regular expressionson X).

224 ({0,1},Vv,0,A,1)

2.25 (R, max, —oo, min, co)
3 Many Equationsand Many Unknowns

A systemof m > 1 left linear equationswith n > 1 unknowvns
in fix-point form is shovn in Figure1. Luckily, this casecanbe
reducedo the previous singleequatiorandsingleunknavn case.

3.1 Reductionto oneequationand oneunknown
Thereare two (equivalent)ways in which this reductioncan be

done. Thefirst oneis basedon DynamicProgramming andthe
secondneis basedn Matrix Algebma.

3.1.1 Dynamic programming

The systemof Figurel is expressednoreconciselyas:

n—1 m—1
Sy = { =S a4+ bl} (10)

¢ it is anAbelianring ontheset@Q of rationalnumbers; j=0 i=0

3pleasaeferto SectionB.6. Expressior(10) canberewritten as:

4Pleaseeferto SectionB.8.

SStrictly speakingthe C++ typesfloat anddouble are rational numbers So = {20 = agzo+ o} US, (11)
becauseahey useonly a finite representation.The fact thatreal numberscan be
approximatedby finite rationalnumbemrepresentationis thereasorwhy suchtypes  \where:
arealsousedfor computingwith real numbers.The only importantdifferenceto
keepin mind for the latter is that finite-representatiotypesdo roundingand/or
truncatingbeyondthe precisionimposedby the finite representationSucherrors @0 = doo, (12)
propagatendtherefore comparisonsmongfloat sanddouble smustbedone
up to that precision. Thatis, ratherthanz == v, it is bettertouser — y < &,
wheree is a smallnumber(e.g, e = 2~P, wherep is any non-negatre number n-1
of precisionbits allowed by the representation)The lesserthe precisionp is, the Bo = bo + Z ;525 (13)
slackertheapproximatiorwill be,but thefasterwill the corvergence. j=1
Januanyl7,1999 PAGE 2 OF 17
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o = @opoZo + 0+ a0y + - 4 Gon-1)%Zn-1 +  bo
T; = @joTo 4+ - 4 aijz + 0+ an_1)Tn- + b
Tm—1 = CL(7n—l)01:0 + e + a(m—l)] T, + + a(m—l)(n—l)xn—l + bm—l
Figurel: Systemof m left linearfix-point equationsith n unknowns.
and Forallk,k=0,...,m— 1, wehave,
n—1 m—1 n—1 m—1
S1 = {* =Y aijzi + bz} : (14) Sk = {sv =) ajz;+ bf} (22)
=0 i=1 j=k i=k
Sincef, is independenof z,, the equation: Expressior(22) canberewrittenas:
zo = apzo + o (15) Sp = {éL‘k = apT + ﬂk} U Sk+1 (23)
in Expressior(11)is solvedby: wherefork =0,...,m—1:
_ .k
o = ol (16) ap = agy, (24)
Expression(16) givesz only asa parametricsolutionin termsof i
then — 1 remainingparametricvariablesey, ..., z,_1. B = bi + Z a?jmj. (25)
Substitutingthe value of z, given by Expression(16) in Expres- j=k+1

sion(14),weget:

5= {n Sl +b3}m_1 a7)
j=1 i=1
whereforalli=1,... m—1landallj=1,...,n—1:
agj = aj; + ;0450405 (18)
andforalli=1,...,m— 1:
b} = b; + aoaybo. (19)

Having proceededthus, the new systemobtained as Expres-
sion (17) is a systemof m — 1 equationsandn — 1 variables
(z1,...,2n-1). In otherwords,the system(17) containsoneless
variable (o, hasbeeneliminated)and one lessequation(z, =
E;‘:—(} a;;z; hasbeeneliminated).

Repeatingthis elimination process,it is straightforwardto gen-
eralizethe foregoing schemeby induction as follows. We start

suchthat,foralli = %,... , m—landallj=k+1,... ,n—1:

a;; ifk=0,
af} =
ai.“j—l 4 af(zl_l)az_lafk__ll)j ifo<k<m; (26)
andforalli=1,... ,m—1:
b; if k=0,
bt =
bt +agilaro biTy o<k <m. (27)
Again,sinceg;, is independentf zg, . .. , 2, theequation:
T = apTr + ﬂk (28)
in Expression(23)is solvedby:
rp = apfy. (29)

Thus, Expression29) givesz;, asa parametricsolutionin terms

Withothe basec?se(k = 0): foralli = 0,...,m —1andall ofthen — k — 1 remainingparametricvariablesz 41, . . . , zn_1.
=YU,...,n—1, .. . .
J Clearly, afterat mostm stepsthisiteratedparametricsolvingpro-

a?j = ajj (20) cess_halts. Indeed,substitutingm for k£ in Expression(22), we

obtain:
and(foralli=0,..., m—1, i
n—1 m m

b = b;. (21) Sm = {ff =D om0 %+ b }i_m =0. (30)

Januan7,1999 PAGE 3 OF 17
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Thereforethe previous steps equationakystems,,, _; is indepen-

dentof variableseg, ... , z;m_1:
Sm-1 = {Im—l = m-1Tm-1+ ﬁm—l} (31)
where,
Am—-1 = azr:n—_ll)(m_l)’ (32)
n—1
B =071+ > al ! (33)
j=m

Sincef,,_; is independenotf variableszy, . .. , 2,1, the equa-

tion:

Tmo1 = Om_1Zm—-1 + Pm-1 (34)
in Expressiorn(31)is solvedby:

Tm-1= 0 1fm-1. (35)

Therearethreesituationso consider:

1. m < n: morevariableghanequations;
2. m = n: asmary variablesasequations;
3. m > n: moreequationghanvariables.

Thisis whathappensn eachcase:

1. m < n—Undedefinedsystem:in this case,Equation(35)
gives an expressionof z,,_; in termsof then — m re-
maining variablesz,,, ... ,z,_1. Therefore,sincez;, for
j = 0,...,m — 1, dependson then — j — 1 vari-
ablesz;y1,..., -1, all m variableszo, ... , z,_1 areex-
pressedn termsof then — m remainingparametricvariables

Tmy ooy pn—1-

2. m = n—\Well- defineobystem in this case Equation(33) be-
comesB,,_1 = b™~1, andhenceEquation(35) givesan ex-
pressionof z,,,_; independentlyf ary variable. Therefore,
sincex;, for j = 0,...,m — 2, dependnthem — j — 1
variablesz; 1, ..., zm—1, all m variableseg, ... ,z,,_1 are
expressedndependentiyof any parametricvariable. In this
casethe systemis fully solved,andsolutionsareobtainedby
thepropagatiorof valuesfromz,,,_; badk to z,.

If the structurek happenso be aring (D, +, 0, *, 1), thenthe
expressionssolving the systemin Figures1 becomefor all k¥ =

0,...,m—1,foralli=%,... , m—1landallj = k+1,... ,n—1:
a;; ifk=0,
afj: k-1 k-1 B e
Qi+ Cp_qy * 1+ (—ak-1) *A(k—1); (36)
if0 <k <m;
andforalli=1,... ,m—1:
b; if k=0,

bE =

i bf_l _1*b£:% (37)

+ ‘1?@1—1) * (1 + (—ak—l))

ifo<k<m.

Theequation(28) is solvedby:

Ty = (l + (—ak)) L B (38)
andthe equation(34)is solvedby:
Tm-1 = <l+(_am—1))_1 *ﬂm—b (39)

We leave expression®f theright versionof thering solutionsasan
exerciseto thereader

3.1.2 Matrix algebra

In the casewherem = n, the systemsof Figuresl and2 canbe
respectiely rewritten, usingmatrix notation,as®

X =AX+B (40)
whereX € D", A € D" andB € D"!, and
X=XA+B (41)

whereX € D', A € D" andB € D'".

Therefore by TheoremB.1, it comesthatthe solutionsof Equa-
tions(40)and(41) are,respectiely:

_ o X=A"B (42)
3. m > n—Ovedefinedsystem:in this case whenwe have a
solutionfor zy, ... , z,,_1 by backpropagatiorof eliminated 5,4
variables,thereare still additional equationsoutstandingin
the system. The only way the outstanding» — n equations X = BA*. (43)
maybesatisfieds if they areredundantith the m first equa-
tions;thatis, if thesolutionzg, ... , z,_; verifiesthem — n 6SeeSectionB.13.
remainingequations. "SeePages.
Januanyl7,1999 PAGE 4 OF 17
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3.2 Examples
321 (Q,+,0,%,1)

This structureis a commutativeing. Therefore the two systems
in Figures1 and 2 areidentical, and the left andright solutions
collapseinto onesolution. Namely for all £ = 0,...,m — 1, for

ali=%,... m—landallj=%k+1,... ,n—1:

3.22 (R, +,0,* 1)
3.2.3 (Rés,+,0,-¢)
3.24 ({0,1},Vv,0,A,1)

3.25 (R, max, —oo, min, co)
4 ThreeSolving Schemes

4.1 Structureswith inversesand exactprecision

a;j ifk=0,
at. = a't. = k-1 k-1 411 (Q,+,0,%,1)
L3 13 a. a . y TH Yy, Ty
afitp AU 2T i o <oy (44)
I —agp 4.1.2 (R, max, —oo, min, co)
. _ 4.2 Structur eswithout inverses,but with station-
andforalli =1,... ,m—1: .
ary points
b; if k=0, 421 (Réx,+,0,-¢)
bE = b = af@l_l)bij (45) 4.2.2 ({0,1},V,0,A,1)
bf_1+17 if0<k<m.
Tkt 4.3 Structur eswith inversesput no exactprecision
. _ _ _ 431 (R,+,0,%,1)
Finally, Equation(28)is solvedin (Q, +, 0, *, 1) by:
P Appendix
oy = —° (46)
1-— (6%
A Right Linear Equations
andEquation(34)is solvedby: A systenof m right linearequationsith n unknavnsin fix-point
formis shavnin Figure2.
Brm—1 Theright versionof all thatwasdonefor theleft systemn Figurel
Tm-1= 7 1 (47) is of coursevalid for theright systemin Figure2. Namely thebase
casek =0):foralli=0,...,m—1landallj =0,...,n—1,
/0 — ..
wherefork =0,...,m—1: @ij = 4 (50)
and(foralli=0,...,m—1,
by = b;. 51
ap = af = agy, (48) ¢ (51)
Forallk, k=0,...,m—1,wehave,
n—1 m—1
S = (e = 3 s + (52)
i=k i=k
n—1
E ior(52 b itt :
By = B, = bt + Z afj z;. (49) xpressior(52) canberewritten as
j=k+1 Sy = {2k = zpag + B} U Sk (53)
Januan7,1999 PAGE 5 OF 17
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o = Todoo + 0 4 a0 + 4 TaiGo(n-1) + b
O o O
Pt = Toamone + 0 b Tmony 0 b Sai@eeeen + bmos
Figure2: Systemof m right linearfix-point equationswith » unknowns.
wherefork =0,... ,m— 1: B A Definition Hierarchy of Algebraic
- (54) Structures

B.1 Primal structure

Be=Vi+ Z zja (55)
j=k+1 Thisis justthe caseof adomainD of elements—-e., a set—with
aninternal binary operation
suchthat,foralli =%,..., m—landallj=%k+1,...,n—1: yop
. a/ij ifk:O, *:DxD— D. (65)
!
a ij =
a’k 1+a’f(k11)a éﬂk 11)]ak 1 if0 <k < m;(56) _
B.2 Semi-group
andforalli=1,...,m— 1:
b k=0 Thisis the caseof a primal structurewith domainD whoseopera-
pk = ’ ’ tion x (65)is associative Thatis, for all z,y, z € D:
Z I B Tl L ifo<k<m. (57
(b=1)7 k=17 k-1 7 *(yxz)=(zxy)*z (66)
Hence theequation:
T = zpal + B (58) B.3 Monoid
in Expressior(53)is solvedby: This is the caseof a semi-groupwith a specialelement1 € D
25 = Bhat (59) calledaunit suchthat,for all z € D:
After m — 1 stepswe obtain: Tk1l=1%zr =2 (67)
Sp—1 =ATm-1 = Em_100,_1 + Byt }- (60)
where, B.4 Group
al, L =a E’Zn 11)(m 1) (61) Thisisthecaseof amonoidsuchthatary element: hasaninverse
Thatis, for ary = € D, thereexistsauniquez~' € D suchthat:
Fray = b 1+Zry pa (62)  wxrl=alxr=a (68)
Theequation: B.5 Abelian structure
Im—-1 = mm—la:n_l + ﬂ;n—l (63) .. . .
Thisis the caseof ary of theforegoing structuresvhoseoperation
in Expressiorn(60)is solvedby: * (65)is commutativeThatis, for all z, y € D:
Tme1 =B, a4 (64) THhY=YxT. (69)
Januan7,1999 PAGE 6 OF 17
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Thuswe speakof Abelianoperation Abeliansemi-groupAbelian
monoid, Abelian group® Very often we say more suggestiely
“commutatve” ratherthan“Abelian” Thus,commutativeopera-
tion, commutativesemi-groupcommutativenonoid,commutative

group.

B.6 Semi-lattice

A semi-lattice(D, +, ) is a specialcaseof a commutatve semi-
groupsuchthat+ is idempotenti.e, for all z € D:

r+z=uzx, (70)
andsuchthat,for all z, y, z € D:
if y<;iz andz <y z theny+z <, =. (72)

wheretherelation<, is definedby:
Ve,ye D, z <,y iff c+y=y. (72)

Note that semi-latticeis alsoa partially ordered setthanksto the
relation<,. Indeed,<, is arelationon D whichis reflexive (by
idempotencef +), anti-symmetrigby commutatvity of +) and
transitive (by associatiity of +).

Note thatwhena semi-latticeis alsoa monoid,Equation(72) en-
tails that is necessarilyheleastelemenif D for <, .

B.7 Semi-ring

A semi-ringis a dual (additive and multiplicative) structureon a
singleset(D, +, 0, *, 1) suchthat:

1. (D, +, 0) is acommutatve monoid;

2. (D, *,1) isamonoid,;

3. themultiplicative operation« is distributive over the additive
operation+; thatis, for all z, y, z € D:
zx(y+z)=(x*xy) + (z*x2) (73)

and

(x+y)*xz=(zxz)+ (y*2). (74)

To distinguish betweenthe two operationss unit elementsin a
semi-ring, the additive unit 0 is referredto asthe zeo element,
andthe multiplicative unit 1 astheunit element.

A semi-ringis acommutativer Abeliansemi-ringif its multiplica-
tive operation is commutativei.e., if (D, *,1) is acommutatve
monoid).

8Thisis afterthe Frenchmathematiciambel who workedon grouptheory(also
known as Galois Theory afterthe Frenchmathematiciark. Galoiswho hadtime
to inventGroup Theorybeforehe died stupidlyin aduelat a very early age(early

B.8 Pathalgebra
A pathalgebm (D, +, 0, x, 1) is asemi-ringsuchthat:

1. + isidempotenti.e., Equation(70) holdsfor all z € D.

2. x isidempotenti.e., Equation(75) holdsfor all = € D.

T*kr =1 (75)
3. 0 is absorptivefor ; i.e., for all z € D:
zx0=0*z=0; (76)

In factapathalgebracanalsobedescribedsamultiplicativesemi-
lattice.

B.9 Ring

A ring is a specialcaseof a semi-ring. In fact, a ring structureis
to a groupwhat a semi-ringstructureis to a monoid. Indeed,a
ring is a dual (additive andmultiplicative) structureon a singleset
(D,+,0,,1) suchthat:

1. (D, +,0) isacommutatve group;
2. (D,*,1) isagroup,
3. the multiplicative operationx is distributive over the addi-

tive operation+; thatis, Equationg73) and(74) hold for all
x,y,z € D.

A ring is acommutativeor Abelianring if its multiplicative opera-
tion x is commutativei.e., if (D, *, 1) isacommutatve group).

B.10 Lattice

A lattice (D, +, 0, *, 1) is adualstructuresuchthat:

1. (D, +, 0) is asemi-lattice(alsocalledadditive semi-lattice);

2. (D,x,1) is a semi-lattice(also called multiplicative semi-
lattice).

Notethatin alattice,it is necessarilyruethat:

e + is absorptivefor *; i.e.,, forall z,y € D:

twenties)—thenight beforehe died, he hurriedly wrote up notesthat completeca z+ (I * y) =r= (’r * y) + (77)
draft of his thesiswork thatlaid the foundationsof whatbecameknown asGroup

Theory..). and,
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e x is absorptivefor +; i.e., forall z,y € D:

zx(zt+y)=z=(x+y)*xz (78)

Notethatalatticeis neithera caseof, noris it moregenerathan,a

semi-ring. In fact, a structurethatis both a lattice anda semi-ring
is necessarilya distributive lattice, which is alsoa commutative
semi-ringaswell asa pathalgebra.

Note alsothat a lattice is alsoa partially orderedsetboth asan
additive semi-latticeandasa mutiplicative semi-lattice By duality,
it comesasa consequencthatthetwo partial ordersare mutually
dual. Thatis,

= <_1

§+ * (79)

and

<o =<3 (80)
Notethatif alatticeis alsoan additive monoid then{ is the least
elemenfor <, aswell asthegreatestelementor <.. Moreover,
it is thenalsonecessarilyrue that( is absorptivefor *; i.e., Equa-
tion (76) holdsfor all z € D.

Dually, if alatticeis alsoa multiplicativemonoidthenai is theleast
elemenfor <, aswell asthe greatestelementor <, . Moreover,
it isthenalsonecessarilyruethata is absorptivefor +; i.e., for all
x € D
r+1=1+2=1. (81)
A distributivelattice is a latticewhich is alsoa pathalgebra.That
is, the multiplicative operationx is distributive over the additive

operation+; thatis, Equationg73) and(74) hold for all z, y, z €
D;®

Note that a distributive lattice is also necessarilya commutative
semi-ringaswell asa pathalgebra. In fact, a distributive lattice
is simultaneouslywo mutually dualcommutatve semi-rings;it is
simultaneouslywo mutuallydualpathalgebrasaswell:

o the multiplicative operationx is distributive over the addi-
tive operation+; thatis, Equationg73) and(74) hold for all
z,y,z € D;and,

o theadditiveoperation is alsodistributiveoverthemultiplica-
tive operation+; thatis Equationg82) and (83) hold for all
x,y,z € D.

9Thisis equivalent,by duality, to theadditive operationt beingalsodistributive
overthemultiplicative operationx; thatis:

B.11 Booleanring

A boolearring is aring in whichary elementadmitsauniquecom-
plementwith respecto the additive and multiplicative operations.
Thatis, for ary z € D, thereexistsauniquez € D suchthat:

r+r=r4+x=1, (84)
and

(85)

B.12 Booleanlattice

A booleanlattice is alatticewhich is alsoa boolearring; i.e, it is
adistributive complementethttice.

B.13 Matrix liftings

Givena semi-ringstructureR = (D, +, 0, x,1) andtwo positive
naturalnumbersn andn, we canconstrucits m x n matrixlifting :

M (R) = (DM, 477, 7 A A (86)
asshavnin Equationg87)—(91).
e Domainof m x n matricesover fR:
pmh = [ d e pmxn (87)
| d={dy e D} =]

o Addition of m x n matriceversi: if « € D™" andb € D™"
thenVi,j, 0<i<m—1,0<j<p-—1,

def

(a+""b)ij = aij + bij; (88)

e Zerom x n matrixoverR: Vi,j, 0<i<m-1,0<j<
n—1,

0y £ 0 e D (89)

e Multiplication of m x n andn x p matricesover fR: if a €
D™ b e D thenVi,j, 0<i<m—10<j<p—1,

n—1

E aip X bpj;

k=0

(90)

(a*™Pb)y; =

e Onem x n matrixoverR: Vi,;j, 0<i<m-—-1,0<j <

x-{—(y*z):(r-}-y)*(l‘-}-z) (82) n—1
and '
(zxy) 4+ 2= (x4 2)*(y+2). (83) mn _ | LED if i = j,
Yij = { 0 € D otherwise. (1)
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We cansimplify the ™" notationin Equationg88)—(91)by drop-
ping the dimensionsuperscriptswith the dimensionconstraints

implicit. Hence Equationg88)—(91)becomeEquationg92)—(95):
(a + b)” & a;; + bi]'; (92)
0;; £ 0 € D; (93)
n—1
(a * b)” d:ef Z a;p X bkj; (94)
k=0
[ 1eD ifi=j,
tij = { 0 € D otherwise. (95)
An elementd = {d;; € D}Q”:B’l’?;ol of D™ is written:
dog dO] dO(n—l)
dio d; dign—1) (96)
d(m-1)0 d(m—1); d(m—1)(n-1)

Given a matrix " € D™", the orderedpair mn is calledthe
dimensionof the matrix: m is calledthe row dimensionandn is
calledthe columndimension Note that the multiplicative matrix
operationis not aninternalfunction, but canonly beappliedif the
first matrix’ columndimensionis equalto the secondmatrix’ row
dimension.However,

THEOREM B.1 Givena semi-ringfR, its matrix lifting 9"° ()
for n fixed,is alsoa semi-ring

C A ClassHierar chy of Algebraic Struc-
tures

C.1 Primal structureclass

Thisis themostabstractlassfrom which all othersarederived. It

consistof a templateclass,Primal_Structure , With param-
eterizedtype Domain. It hasjust one method: op, which takes
a referenceto anotherPrimal_Structure<Domain> object
andimplementsthe binary operationof the structure. It alsohas
a one-agumentconstructomwnhich takesa pointerto an operation
with which to initialize the methodop. It alsoallows the friend

functionop.

C.2 Semi-group class

C.3 Monoid class

C.4 Groupclass

C.5 Abelian structureclass
C.6 Semi-latticeclass

C.7 Semi-ring class

C.8 Pathalgebraclass

C.9 Ringclass

C.10 Lattice class
C.11 Booleanring class

C.12 Booleanlattice class

D A Relativistic View of Object Orienta-
tion

The essencef object-orientatiorcoincideswith thatof Einsteins
SpecialandGeneraRelatvity theorieq4].

Einsteins SpecialRelatvity Theory(SRT) is all basedon the ob-
senationthatthereis amathematicatiuality betweerbeingatrest
on onehand,andbeingin motionon the otherhand:all motionis
relative to a setof referenceHence|it is mathematicallyrrelevant
whetherl sit in a train moving alongwith it at somespeedwith

respecto the sceneryor whetherl sit in a motionlesdrain while
thescenerymovesby in the oppositedirectionat the samespeed.

Similarly, Einsteins GeneralRelativity Theory(GRT) is all based
ontheobsenationthatthereis amathematicatiuality betweeriree
falling frictionlessin a straightline on one hand,andthe texture
of spacebeingwarpedby massie bodieson the otherhand: the
cunatureof all trajectoryof motionis relative to spaces own cur

vature.Hence,it is mathematicallyrrelevantwhetherthe Earthis

orbiting the Sunelliptically is a closedcurve, or whetherit free-
falls frictionlessindefinitelyin a straightline, while spacen which

it movesis itself curved by the sameoppositefactorinto the (hy-

per)elliptical (hyper)“eddy” createdoy the Sun's gravity.'® Thus
is GRT thekey to explainingthe mysteryof “action at a distance”
of gravity.

Similarly aswell, object-orientatiorfOQO) is basedn the obsena-

10‘Hyper” becausepaces at least3-dimensional . .
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tion thatthereis a mathematicatiuality betweenan objectbeing
acteduponby afunctionon onehand,anda functionbeingacted
uponby anobjecton theotherhand:the orientationof f(z) is rel-
ative to the structureof interpretatiorof the objector the function.
Hence,|t is mathematicallyrrelevantwhetherthefunction f is ap-
pliedto theobjectz, or whetherthe objectz is sentthemessag¢.
In thefirst case(the conventionalview), thefunction f knowswhat
to do with an objectof the type of z andperformsit on z; in the
seconccase(the object-orientedriew), the objectz knowswhatto
do whenit is askedto respondo the messageentto it as f, and
performsit. Thusis OO the key to a new decentalizing view of
computatiorwhich allows distributedcomputatiorandcodemod-
ularity: whereaghe corventionalview’s centializing computation
in functionsmadehemhuge,inefficient,andquickly impracticalto
maintain,the (mathematicallyequivalent) OO view now deleyates
computatiorto objectsby makingthemreactto messagesentto
themby usingmethodsspecifiedor themby theirclassdefinitions.

Thus, object-orientatiormay simply be construedas exploiting a
mathematicalelativity principle. Thisrelativistic view canbeused
asa systematiobject-orientedoftwaredesignmethodology

To beprecisethe changeof perspectie, whenorientingcomputa-
tion with refeenceto anobjectratherthanafunction,is expressed
mathematicallypy the setisomorphism:

A—=(B—-C)~B—(A—=0C). (97)

This equationessentiallycaptureghe dual relativity of computa-
tion alludedto above.

This articleis anexampleof thegenerakasethatcanbeexpressed
asfollows:

method: Context — (Object— Objec)

~

(98)

method: Object— (Context — Objecd.

Therefore, we can define two class structures, Object and
Context , which always respectiely declarea method (here
calledmethod ) asshawn in Figures3 and4.!! Someexamples
aregivenin Figureb.

E Implementation

A simple solver over an algebraicdual structure(the parameter
classStructure ) shouldprovide:

¢ aclassto substitutefor Structure , the type of elements
in the structures domain. This is the type of the coeficients
a, andb, andthat of the unknovn x aswell. This algebraic
structureclasswill have:

11ysingC++ syntax.

aprivatememberrep whosetypeis anadequateepre-
sentatiorof the structures domainelements.

— apublicfriend methodoperator+ thattakestwo
agumentof typeconst  &Structure  andreturnsa
resultof type &Structure ;12

— apublic friend methodoperator-  thattakesone
agumentof typeconst  &Structure  andreturnsa
resultof type &Structure

— apublic friend methodoperator-  thattakestwo
amgumentof typeconst  &Structure  andreturnsa
resultof type &Structure

— apublicconst  Structure zero;

— apublicfriend methodoperator*  that takestwo
amgumentof typeconst  &Structure  andreturnsa
resultof type &Structure

— apublicfriend methodoperator/  that takestwo
amgumentof typeconst  &Structure  andreturnsa
resultof type &Structure

— apublicconst  Structure one;

— apublicfriend methodoperator== thattakestwo
amgumentof typeconst  &Structure  andreturnsa

resultof typebool ;

¢ a classEquation
on the Structure
structure

representinga linear fix-point equation
s; this classmusthave a private member
of type*Structure

We mustalsoprovide the methodssolve for both Structure
and Equation<Structure> classesfollowing the design
schemeof SectionD.

For example,solvingover rationalnumbersshouldprovide:

e aclassRational representing rationalnumber;this can
be representedy pairs of integers, or decimaldoubles,or
whatever otherequivalentrepresentationf a rationalnumber
onemaydecide®®

— aprivatememberrep of, say typedouble ;

that takestwo
andreturnsa

— apublicfriend methodoperator+
amgumentsof type const  &Rational
resultof type &Rational ;

12The & returntype may appearodd; however, keepin mind that the generic
designeventuallywill actuallyallow theoverloadingof operator®nverybig struc-
turessuchas,e.g, matriceqi.e., multidimensionahrrays)andthereforesaving the
returncopy space/times worth saving. Be thatasit may; we arefreeto chooseo
returna Rational insteadof &Rational if we sowish. The& returntype ver-
sion hasthe advantageof genericuniformity for inheritancef doingthe complete
genericApI.

13Recallthatarationalnumberr € Q is a pair of integerswrittenr = %+ where
n € Nisthenumeratorandd € N is thedenominatoror equivalentlyasa number
in decimal“dot” notationwritten »r = :.d, where: € N is theinteger part and
d € Nisthedecimalpart.
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*context);

Figure3: Objectclassskeleton

class Object
{
virtual Object *method (Context
}
class Context
{
Object *method (Object *object) {
}

return  object.method(this); }

Figure4: Contet classskeleton

— apublic friend methodoperator-  thattakesone

amgumentof type const &Rational andreturnsa
resultof type &Rational ;

— apublic friend methodoperator-  thattakestwo
amgumentsof type const &Rational andreturnsa
resultof type &Rational ;

— apublicconst Rational  zero(0.0);

— apublicfriend methodoperator*  thattakestwo
amgumentsof type const  &Rational andreturnsa
resultof type &Rational ;

— apublicfriend methodoperator/  thattakestwo
amgumentsof type const &Rational andreturnsa
resultof type &Rational ;

— apublicconst Rational  one(1.0);

— apublicfriend methodoperator== thattakestwo
amgumentsof type const &Rational andreturnsa

resultof typebool ;

e aclassEquation representinga linear fix-point equation
on the Rational s; this classmusthave a private member
structure  of type*Rational

We mustalso provide the methodssolve for both Rational
andEquation<Rational> classes.

F Discussion

F.1 Purposeofstructure

The classEquation representing linear fix-point equationon
the Rational s actuallydoesnot needto have the structure
memberof type *Rational In fact, this membercomesin
handy only when carrying out the implementationfor arbitrary
semi-rings.

If one does not wish carry out the implementation for
arbitrary semi-rings, this member should be inherited by
the instance Equation<Rational> from a generic class
Equation<Semi _Ring> . In thelatter, the structure mem-
beris of type Semi_Ring , thetype parameter

Thehierarchyof algebraicstructure®f semi-ringspr speciaktases
of semi-rings,caneasilybe encodedasa classhierarchyderiing
from abaseclassDual _Structure :'4

Figures6, 6, and6 shaws the inheritancerelationfor the dual al-
gebraicstructureghat were definedin SectionsB.7-B.12. Each
of theseclassess parameterizely the type variableDomain , of
its (private) representation.The classRational is thereforea
subclas®f Abelian _Ring<double> .1°

The figuresat the end of this papershav a skeletonfor a C++
implementatiorof a solver usingdynamicprogrammingt®

F.2 Purposeof Rati onal : : sol ve( Equati on)
We would not need to worry about invoking
Rational::solve(Equation) unless the system also
meansto allow the schedulingof the simultaneougesolutionof
several systemsfrom the context of a given semi-ringstructure.
Only thenis this methodneeded.

F.3 Testingthe design

SinceQ is notquitearing (becaus® hasnomultiplicativeinverse),
we musttestwhethera[0][0]  is equalto structure.one f

so, the equationz = x + b is solvableonly if the structureis an
additivesemi-lattice—thais, hasanidempotenplus(i.e., suchthat

14We do nothave to includeall theseclassespf course unlesswe actuallywant
to implementa completeAPl library...

15Assumingthatwe useadouble to represenarationalnumberin Q.

18pleasenotethe“informal” C++ syntax...This s justa programskeletonnota
completesolution.
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Context Object method
NameValue _Environment Expression evaluate
NameType _Environment Expression typecheck
Run_Time _Environment Instruction execute
Algebraic  _Structure Equation solve
Logical _Theory Theorem prove
Constraint  _Structure Constraint resolve

WinMain() /window function

Figure5: Someinstancesisingthe context/objectrelativity principle
Primal_S tru cture
Partially  ~ Ordered _Set

I
I
I
O e e et

I

I

I I I

I I I

| Abelian_St ru ctu re Semi_Gro up

I I _

| | -

I |/ I

| Abelian_Se mi_Group Monoid

I - -

e S B !

|/ [/ I
Semi_Latt ice  Abelian_Mo noid Group

I _ /

e —-

|/ |/

Semi_Latt ice _wBotto m Abelian_G ro up
Figure6: A Hierarchyof Primal AlgebraicStructures

z + z = z). Inthiscaseary z suchthatb <, z isasolution.The Finally, let us note that the skeletongiven above cansolve only
alternatvesare: for well-definedsystems,and abortsotherwise. One shoulduse
exceptionsfor amoregracefulcontrol.
¢ abortsolving;

¢ if underdefinedyive a parameterizedolution;
o if overdefined:

— solvefor thesquaresubsystemandcheckwhetheror not
thepartial solutionsatisfieghe outstandingequations;

— solvefor theleast-squags!’

1"Theleast-squae approximanbf a systemin canonicaform Az + b = 0 that
is overdefineds thewell-definedsystemA? Az + A®bh = 0. Thissystenis always
squareandcanthereforebe solved.Its solutionz;, is suchthatits “distance”from
any solution z of the overdefinedsystemAz + b = 0—i.e., the inner product
(z — z14)"(z — m1q)—is minimal;thatis, Vo, 0 <4 = — z44.
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+ Primal_S tr uct ure * Primal _Stru ct ure
< Partial ly _Ordered _Set > Partial ly _Ordere d_Set |

I
I
I
S O— U

I I
| | S — B —
I I I I I I
I I I I I I
| +_Abelian_ Struc ture +_Semi_Gro up | * Abelian_ Struc tu re * _Semi_Gr oup
I I - I I -
! | — - | | -
I |/ I I [/ I
| +_Abelian_ Semi_Group +_Monoid | * Abelian_ Semi_Group *_Monoid
I _ - I - _
| S | e S B |
|/ [/ I |/ |/ I

<_ Semi_Latti ce +_Abelian_ Mamoi d +_Group > Semi_Latt ice  *_ Abelian_ Mmoi d *_Group
I _ / I _ /
| i e S B
|/ |/ |/ |/

<_ Semi_Latt ic e_wBott om +_Abelia n_Gro up > Semi_Lat ti ce_wTop * Abelian_ Group

Figure7: A Hierarchyof Additive andMultiplicative Primal AlgebraicStructures

Dual_Str uctur e<Domain>

I
I
S T— I
I I
I I
Distributi ve_Dual _Stru ct ure Associati ve_Dual_ Stru ctu re
I I
I I

Boolean_R ing  Abelian_Ri ng Distribut  iv e_Lat tic e

o i
I
I
Semi_Rin g
I
R S
I I I
I I I
Ring Abelian_Se mi_Ring Path_Alg ebr a
[ I I I
[ I I I
| B +om - 4 Fommmee +- e
I
I

I
I
R O— PP

Boolean_L att ic e

Figure8: A Hierarchyof Dual AlgebraicStructures
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1 FILE. . . . . /usr/home/hak/technical/papers/lineg/lineq.
1 EDIT BY . . . Hassan Ait-Kaci

1 ON MACHINE. . Muenster

/I STARTEDON. . Fri Dec 11 09:43:33 1998

1 Last modified on Fri Dec 11 11:20:57 1998 by Hak

#ifndef  LINEQ_H
#define  LINEQ_H

template  <class Structure>
class System;

template  <class Structure>
class Equation
{

Structure *a;

Structure *b,

Structure *X;

bool left;
public:
Structure *a () { return

Structure * () { return
Structure *» () { return

xgm

e

bool isLeft 0 { return left; }

Equation  (Structure &a, Structure &b, bool left=true)

©a (@

, b (b)

, left  (left)

{
solve();

}

Equation  (System<Structure> s, bool left=true)

this = s.solve(left);

}

Equation *solve ()

X = isLeft() ? a().quasi_inverse() * b()
: b() * a().quasi_inverse();

return  this;

Figure9: HeaderFile - partl
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const int DefaultNumberOfEquations
const int DefaultNumberOfUnknowns

template  <class Structure>
class System

{

int  m = DefaultNumberOfEquations;
int n = DefaultNumberOfUnknowns;

Structure* a[m][n];
Structure* b[m];
Structure* x[n];

bool left = true;

public:

int  numberOfEquations 0 { return
int  numberOfUnknowns () { return

Structure* aflll 0 { return a
Structure* b[] O { return b
Structure* X 0 { return x

bool isLeft 0 { return left;

System (Structure* af], Structure*
m (sizeof(b))
, n (sizeof(a)/m)
,a @
, b (b)
, left  (left)
{
if (m==0] m!= n) exitl);
}
Equation<Structure> *solve  ();
h
#endif

m;
n:

}
}

b[]l, bool left)

Figure10: HeaderFile - partll
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#include  "lineg.h"

template  <class Structure>

0

new Equation<Structure>(a[0][0],b[0],left);

Equation<Structure> *System<Structure>::solve
{
Structure* newal][], newbl[];
Equation<Structure> *eq;
int ij;
if (m == 1) return
newa = new Structure[m-1][n-1];
newb = new Structure[m-1];
Structure gi = a[0][0].quasi_inverse();
if  (isLeft())
for (i=1;i<=m-1;i++)
{
for (j=1;j<=n-1;j++) newal[i-1][j-1]
newbli-1] = bli] + a[i][0] *oqi
}
else
for (i=1;i<=m-1;i++)
{
for (j=1;j<=n-1;j++) newali-1][j-1]
newbli-1] = bli] + a[i][0] * b[0]
}

eq = new Equation<Structure>(new

return  new Equation<Structure>(a[0][0],

blo] + (left

left);

= il

alll]

? a[o][1]
©oeg>x * al0][)),

+aflo]  * qgi * a0l

+afo]  * ao *

System<Structure>(newa,newb,left),left);

* eg->x

Figurell: Implementatiorrile

qi;
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